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Abstract--Three-dimensional conservation equations for natural convection in a cubic enclosure heated 
from one side wall and cooled from an opposing wall are numerically solved under three different external 
magnetic fields either in the X-, Y- or Z-directions. Sample computations are carried out for Ra = 10 6 and 
10 7 and Ha = 0-500 for Pr = 0.054. The external magnetic field perpendicular to the vertical boundary 
layer type flow is found to be most effective in suppressing the convection. However, the external magnetic 
field parallel to the vertical hot and cold walls is found to be least effective, although it is perpendicular to 
the main circulating flow along both the vertical and horizontal boundaries. When the magnetic field is 
relatively strengthened, for example, at Ra = 10 6 and Ha = 300, secondary flow is found to be doubly 

strengthened with a reduction in the main circulation flow. 

1. INTRODUCTION 

ELECTRO-CONDUCTING fluid has been increasingly 
used in the manufacturing process of semi-conducting 
material such as silicon crystal or gallium arsenide. 
In the Czochraiski method, the polycrystal silicon is 
melted in a crucible and pulled up from the liquid 
surface to produce a purified single crystal rod. In this 
operation, both a crucible and a crystal rod are rotated 
in the same or reverse directions. The melted silicon 
in a crucible convects in a gravitational field due to 
the temperature difference between the crucible and 
the rod. In this process, the addition of an external 
magnetic field has been reported to be quite effective 
in controlling the convection in a crucible [1]. Between 
the crucible and the rotating rod, there is a free surface 
and the surface tension also affects the convection. 
The combination of these external forces makes it 
difficult to predict the bulk convection in a crucible a 
priori intuitively. This is especially true for the general 
three-dimensional convection field. Some of the pre- 
vious works, Hunt and Wilks [2], Nagase et al. [3], 
Tabeling [4], Raptis and Vlahos [5], Maekawa and 
Tanasawa [6], Munakata and Tanasawa [7], Weiss [8], 
and Ozoe and Maruo [9] studied the convection of 
liquid metal with magnetic forces but were limited 
to either boundary layer, two-dimensional or linear 
theory. Mihelcic et al. [10] reported the three-dimen- 
sional simulation of the Czochralski bulk flow but did 
not include a magnetic field. The effect of the direction 
of the external magnetic field has apparently not yet 
been reported. Maekawa and Tanasawa [11] studied 
the effect of the direction of the magnetic field in 
general but limited it to a two-dimensional field. 

In this paper, the effect of the direction of the 
external magnetic field on the natural convection of 

molten silicon in a cubical enclosure was studied 
numerically with three-dimensional Navier-Stokes 
equation including Lorentz force terms. 

2. M A T H E M A T I C A L  MODEL 

2.1. The systems considered 
The systems considered in this paper are shown 

schematically in Fig. 1. The fluid in a cubic enclosure 
is heated from a vertical side wall and cooled from 
an opposing vertical wall. The other four walls are 
thermally insulated. The direction of gravity is along 
the Z-axis. The external magnetic field B x  is added 
only from the X-direction for the system shown in 
Fig. 1 (a). The fluid in this enclosure receives both the 
buoyancy force resulting from heat transfer through 
side walls and the Lorentz force resulting from the 
convection of fluid in an external magnetic field. The 
system with an external magnetic field in the Y-direc- 
tion only as shown in Fig. l(b) and that in the Z- 
direction only as in Fig. l(c) are also considered in 
this paper so that the effect of the direction of the 
external magnetic field is expected to be compared 
with each other. 

2.2. Model  equations 
The model equations consist of mass balance, 

energy balance, momentum balance and the state 
equation for fluid. The convection of electro-con- 
ducting fluid receives the Lorentz force in a magnetic 
field and these terms should be included in momentum 
equations. 

The Lorentz force term F is given as follows [9] : 

F ----- pcE+J  x B (1) 

1939 
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NOMENCLATURE 

B magnetic induction (magnetic field) 
[Wb m-2,  V s m 2] 

B0 external magnetic field [Wb m -  2] 
C specific heat [J kg ~ K t] 
D electric displacement [C m -  2] 
E electric field intensity [V m -  ~, N C -  J] 
e unit vector for an external magnetic field 

[--] 
F Lorentz force IN m 3] 
g acceleration due to gravity [m s -  2] 
Gr Grashof  number,  gfl(Oh -- Oc)13/V 2 [--] 
Ha Har tman  number,  (ao/(pv)) '/2Bol [--]  
J electric current density [A m -  2] 
k thermal conductivity of fluid 

[ Jm - I  s - I  K l] 
L l/xo = Ra 1/3 [--] 
l distance between hot and cold walls [m] 
Nu average Nusselt number,  ql/[k(Oh- 0~)] 
Pr Prandtl  number,  v/ot [--] 
q heat flux density [J m 2 s ~] 
Ra Rayleigh number,  Gr Pr [--] 
T dimensionless temperature 

(O-Oo)/(o.- o~) [--] 
t time [s] 
U dimensionless velocity vector [--] 
u velocity vector [m 2 s -  ~] 
u x-component  of  velocity [m s 1] 
U U/Uo [--] 
v y-component  of velocity [m s ~] 
V V/Vo [--] 
w z-component  of velocity [ms  '] 
W W/Wo [--] 
x coordinate [m] 

X x/xo [--] 
y coordinate [m] 

Y Y/Yo [ 7  
z coordinate [m] 
Z Z/Zo [--]. 

Greek symbols 
thermal diffusivity of fluid [m 2 s i] 

fl volumetric coefficient of expansion [K '] 
e dielectric constant [C V -  ' m -  '] 
0 temperature [K] 
0c cold wall temperature [K] 
Oh hot wall temperature [K] 
p viscosity of  fluid [kg m -  1 s -  ~] 
v kinematic viscosity [m 2 s '] 
¢ vorticity vector [s- '] 
p density of fluid [kg m -  3] 
Pe electric charge density of  fluid [C m -  3] 
G electric conductivity of  fluid [f~-~ m -  '] 
r dimensionless time, t/to 
qt vector potential  for a flow field [m 2 s -  '] 
t~ scalar potential for an electric field 

[Wbs  ' ,V]  
dimensionless vector potential  for a flow 
field, ~b/~ 

h°e dimensionless scalar potential  for an 
electric field, ~bc/~k~0 
dimensionless vorticity vector, ~/(c~xo 2). 

Operators  
D /Dr  a/az + u a / a x  + va/a Y+ w o / a z  
V 2 a2/ax2Al_az/ay2q_a2/ag 2 

V (a/ax, a/an a/az) 
x vector product.  

(a) 

y 

(c) 

(b) 

L 

FIG. I. Schematics of the system : (a) external magnetic field 
in the X-direction only ; (b) external magnetic field in the Y- 
direction only ; (c) external magnetic field in the Z-direction 

only. 

where p~ is the electric charge density of  fluid, E the 
electric field intensity, J the electric current density 
and B the magnetic field. 

The Maxwell equation for a magneto-electric field 
gives 

div D = Pc (2) 

where D is the electric displacement and is related to 
E as follows : 

D = eE (3) 

where g is a dielectric constant. On the other hand, 
Ohm's  law holds for this system 

J = p e u + a c ( E + u  × B) (4) 

where G is the electric conductivity and u the fu id  
velocity vector. In this electro-magnetic field, the high 
frequency wave such as light is not  treated and the 
displacement current is zero 

aD/at = O. (5) 

The fluid is also assumed to be electrically neutral 
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and the convective term pou is neglected in Ohm's 
equation. Then equations (1) and (4) become 

F = J x B (6) 

J = ac (E+ux  a). (7) 

Following Kobayashi [12], a scalar potential for an 
electric field is now introduced as follows : 

E = -Vq, o. (8) 

Then we have 

J = ao(-V~ko+u × B). (9) 

The equation of continuity for electric current J gives 

V" J = 0. (10) 

Equations (9) and (10) give 

V2~be = V" (uxB) (11) 

where the electric conductivity a~ is constant. Equa- 
tions (6) and (9) give 

F =  --aeVg,~ x B+a~(u x B) x B. (12) 

Under any specific external magnetic field B, equation 
(11) gives the electric scalar potential ~,~. Both ~ 
and the magnetic field B give a Lorentz force from 
equation (12). 

The system equations are summarized in dimen- 
sionless form as follows. They are an energy equation 
and a vorticity equation 

D T / D z  = V2T (13) 

DfI/Dx = (fl" V ) U + P r V 2 ~  

+ P r ( -  a T/~ Y, 0 T/aX, O) ~ 

+ H a  2 Ra -2/3 Pr{ - V  x (VW~ x e) 

+V x [(U x e) x el}. ( 14 )  

The vortieity for the flow field is related to the 
vector potential for the flow field as follows : 

f~ = - V 2 ~ .  (15) 

The vector potential ~I' is related to the velocity vector 
as follows : 

U = Vx~l '. (16) 

The scalar potential for an electric field is rewritten as 

V2~p, = (V x U ) ' e .  (17) 

In the above equations, e represents a unit vector 
in the direction of the external magnetic field. 

The dimensionless variables are defined as 

X = X/Xo, Y = Y/Yo, Z = z/zo, U = U/Uo, V = V/Vo, 

W = wlwo, z = t/to, ~ = ~Oolqt~o, ~ = ~tl~, 

L = I/xo = Ra 1/3, Pr = v/ct, T = (0--00)/(0h--0c), 

Ra = gfl(Oh-- O¢)13/(av), Ha = [ad(pv)] ~/2Bol, 

x 0  = y o  = z 0  = [ . q ~ ( 0 h - - 0 o ) / ( ~ v ) ] - ~ / ~ ,  to  = X~I~, 

Uo = VO = W o  = O~/Xo, 0o = ( 0 h + 0 c ) / 2 ,  I,Oe0 = aBo .  

2.3. The initial and boundary conditions 
Numerical computation for three-dimensional tur- 

bulent natural convection in a cubical enclosure for 
air was carried out in ref. [13]. Following the scheme 
in ref. [13], the laminar natural convection was com- 
puted for low Prandtl number fluid in this work. It 
supplied an initial stable convection state. 

The boundary conditions for this system are given 
as follows for all variables on all six walls of a cubical 
enclosure. 

Temperature 

T = 0 . 5  at X = 0  

T = - 0 . 5  at X = L  

O T / a Y = O  at Y = 0  and 

d T / a Z = O  at Z = 0  and 

Velocity 

U =  V =  W = O  at X = 0  

Y = 0  

Z = 0  

L 

L. 

and L 

and L 

and L. 

Vector potential 

Oq'x/OX = q'y = Wz = 0 at X = 0 and L 

q ' x = ~ y / ~ Y = q ' z = O  at Y = 0  and L 

q l x = ~ y = O q J ~ l a Z = O  at Z = 0  and L. 

Vorticity 

f~x = O, my = - ~ W / O X ,  

f t z = O V / d X  at X = 0  and L 

f~x=t3W/OY, ~ y = O ,  

f ~ z = - ~ U / a Y  at Y = 0  and L 

f~x = - a v / a z ,  ~ = ~u/az ,  

~ z = 0  at Z = 0  and L. 

Scalar potential for an electric field 

~3ugo/OX=O at X = 0  and L 

(3ug:/aY-O at Y = 0  and L 

(~W¢/0Z-0 at Z = 0  and L. 

The boundary conditions for vector potential are 
given by Hirasaki and HeUums [14]. The vorticity 
boundary conditions are from zero velocity con- 
ditions on the walls. The electrical insulation on the 
walls give the boundary conditions for scalar potential 
for an electric field. 

The cubical enclosure was divided into unequal 
grids as shown in Fig. 2. There are 21 grids in the 
X-direction, I l in the Y-direction and 15 in the Z- 
direction. The grid locations are listed in Table 1. 

The computational scheme is the ADI method and 
is similar to that of ref. [9]. 
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k=l 

J = l  91 

1~ J=l 

FIG. 2. Grid divisions of the enclosure considered. 

Table 1. Coordinates of grid points 

Grid X-Coordinate Y-Coordinate Z-Coordinate 

1 0.00000E + 00 0.00000E + 00 0.00000E + 00 
2 0.10000E -- 01 0.50000E- 01 0.80000E- 02 
3 0.23320E- 01 0.11762 0.20000E- 01 
4 0.41070E-01 0.20907 0.50000E- 01 
5 0.64720E-01 0.33274 0.11762 
6 0.96220E-01 0.50000 0.20907 
7 0.13818 0.66726 0.33274 
8 0.19409 0.79093 0.50000 
9 0.26857 0.88238 0.66726 

10 0.36780 0.95000 0.79093 
11 0.50000 1.0000 0.88238 
12 0.63220 0.95000 
13 0.73143 0.98000 
14 0.80591 0.99200 
15 0.86182 1.0000 
16 0.90378 
17 0.93528 
18 0.95893 
19 0.97668 
20 0.99000 
21 1.0000 
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FIG. 3. Computed results at Ra = 10 7 and Pr = 0.054: 
(a) velocity vectors at Y = 0.5 ; (b) contour maps of vector 
potential W,. at Y = 0.5 with a minimum value of - 19.99. 

3. C O M P U T E D  RESULTS 

3.1. Natural convection o f  low Prandtl number f luid 

The initial condi t ion  for this computa t ion  is a static 
state and  is i sothermal  at  an  average tempera ture  at  
all internal  fluid regimes. C om pu t a t i ons  were carried 
out  for mol ten  silicon (Pr = 0.054). However,  the 
computa t ions  are expected to be equally possible for 
smaller Prandt l  n u m b e r  fluids. 

The converged convect ion  at  Ra = 1 0  7, Pr = 0.054 
is shown in the velocity profile at  Y = 0.5 in Fig. 3(a) 
and in the Y-component  of  the vector  potent ia l  at  
the Y = 0.5 plane in Fig. 3(b). The Y-component  of  
the vector potential  is a major  componen t  and  the 
max imum value is - 19.99. In Fig. 4, the isothermal  
con tour  maps  are shown in three different cross sec- 
t ions at  the middle height of  the enclosure. Figure 
4(b) represents tha t  at  Y = 0.5 in which tempera ture  
stratif ication is appa ren t  in a core regime even at this 
high G r a s h o f  n u m b e r  Gr = 1.85 x l0 s for this fluid at 
a low Prandt l  n u m b e r  Pr = 0.054. In Fig. 4(a) the 

thermal  boundary  layer is established over the hot  
(left) and  cold (right) walls. The thermal  bounda ry  
layer shows a slight wavy shape and  gets thicker near  
the insulated side walls. This is because the major  
circulating convect ion rate is decreased near  the rigid 
side walls at  Y = 0 and  L. Figure 5 shows the per- 
spective view of  the whole velocity vectors at  Ra = 106 
and  Pr = 0.054. These show a quasi two-dimensional  
na tura l  convect ion in the cubic regime. 

3.2. Natural convection in a magnetic f ield 
The initial condi t ion  is the convective state obta ined  

for a non-magnet ic  field described above.  
Figure 6 shows the response curves of  the Y-com- 

ponen t  of  a vector  potent ia l  after  a step addi t ion  of  a 
magnet ic  field. Curves  (1) (3) are the X-, Y- or Z-  
direct ion of  an  external  magnet ic  field. They are all at  
Ra = 107, Ha = 100 and  Pr = 0.054. Curve (2) is not  
a t  a completely converged state because it required 
extremely small t ime steps for a numerical  stability. 
Table 2 summarizes the computed results. The average 
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FIG. 4. Computed isotherms at Ra = 107 and Pr = 0.054 : (a) Z = 0.5 ; (b) Y = 0.5 ; (c) X = 0,5. 

Z 

VMAX= 115.23 I: 3 J: 4 K- 8 
SCALE= 0.001000 

RA= 1- D6 
RAGNI9. TEXT TAU= 1900. HA= O. PR= O- 0540 

. . . .  VELOCITY VECTOR . . . .  

FIG. 5. Perspective view of the velocity vectors at Ra = 106 
and Pr = 0.054. 

Table 2. Summary of the computed results 

Ra Ha B Nu Wy(center) 

107 0 - -  10.524 - 15.708 
10 7 100 X 9.655 - 13.682 
10 7 100 Y 10.445 -- 15.523 
10 7 100 Z 10.024 -- 14.805 
106 0 - -  5.7371 --8.876 
106 100 X 4.4577 -7.792 
106 200 X 2.9168 -4.670 
104 300 X 2.2508 -2.998 

Nussel t  numbers  are slightly different f rom each o ther  
under  this weak magnet ic  field. However,  the differ- 
ence is apparent .  The magnet ic  field in the X-direct ion 
gave the smallest value of  the average Nussel t  n u m b e r  
on  the vertical ho t  wall. The  magnet ic  field in the Y- 
direct ion gave the largest. The  central  value of  the Y- 
componen t  of  the vector  potent ia l  also gave the same 
order  of  decrease in their  magni tudes .  This  represents  
tha t  the heat  t ransfer  is convect ion  domina ted  at  this 
condi t ion  even for  the fluid at  this low Prand t l  n u m b e r  
of  0.054. 
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( t )  X - D i r e c t i o n  o f  M a g n e t i c  F i e l d  

( 2 )  Y - D i r e c t i o n  o f  M a g n e t i c  F i e l d  

( 3 )  Z - D i r e c t i o n  o f  Mogne t . i c  F i e l d  

I I 

FIG. 6. Transient responses of the central value of the Y- 
component of the vector potential at Ra = 10  7, Pr = 0.054 
and Ha = 100 : (1) external magnetic field in the X-direction ; 
(2) external magnetic field in the Y-direction; (3) external 

magnetic field in the Z-direction. 

It is commonly accepted that the external magnetic 
field suppresses the flow most effectively when the 
magnetic field is imposed perpendicular to the direc- 
tion of  the flow of  electro-conducting fluid. 

When the external magnetic field is in the Y-direc- 
tion, the magnetic field is perpendicular to both the 
vertical boundary layer flow along the hot  or cold 

plates and the horizontal flow along the ceiling and 
the bot tom adiabatic plates; major circulating con- 
vection. The authors expected to have the most sig- 
nificant suppression for this external magnetic field in 
the Y-direction. The results were just the opposite. The 
magnitude of the Lorentz force term was therefore 
computed term by term. In the momentum equation 
in the Z-direction (and also in the Y-component of  
the vorticity equation), the t e r m s  Oq'te/OY--W 
represent the Lorentz force when the external 
magnetic field is in the X-direction only. The terms 
-?~udc/?X-W become the Lorentz force when the 
external magnetic field is in the Y-direction only. 
The magnitude of  these terms is shown in Fig. 7. 
When the magnetic field in the X-direction is given, 
the 8h°o/3 Y term is small but the - W term is large 
along the vertical walls and the resulting magnitude 
of the Lorentz force is large along the hot  and cold 
vertical walls• 

When the magnetic field in the Y-direction is 
exerted, both the - O U t l e / S X  term and the - W term 
have a large magnitude along the vertical heated 
boundaries but with opposite signs so they cancel each 
other out to produce a Lorentz force with a small 
magnitude in the momentum equation in the Z-direc- 
tion. This appears to be the reason why the Y-mag- 
netic field gave the unexpectedly small suppression 
effect• 

( o }  

DX T= 0 - 5 0 0 0 0  

. , , ~  ~ , ~ • . , , ~,,,,..., 
IB! , 

I I I  I ' " . . . . . . . . .  , I  

• . . | f  

I l l '  . . . .  . ,If 

I P ' "  ' " ' 

. . . . .  ,rl U!' . . . . . .  

p l '  . . . . . . . . . .  

. . . . .  llll 
I I '  " " " 

, .  . . . . . . . . .  L l l i ,  

. . . .  " . • I l h ,  
: , : ;  ; ; . : : , : : : : : . ,  

(d)  
, .x  T= O- 50000 

. . ; : :  : f : : : : ~ ~ : :  

. . . . . . . . .  . . . . . , . •  

• • . . .  • , , , . • , . o . , ,  

(b) 

* x  r -  O.  5 0 0 0 0  

. , , , ,  • . . . .  

m , , ,  • • . . . . . .  , o° ,~  

. . . . . . . . . . . . .  , o , , .  

. . . . . . . . . . . . .  , , , , .  

( e )  

DX T -  0 - 5 0 0 0 0  

::;~i. - ' . . ~  : "  : . . . . . . . . .  . . . . . .  
! 

IIII m . • . , 

I I [ l f . .  . : . . . . . .  ' l  

l i t ,  • . . . .  

~i ,  

k . . . . . .  • 

" " ' , i l #  
. . . . . . .  I I II I 

, t . . . . .  - .  . 
. . . .  I ~ I s  I 

(c )  

~x T -  0. SQO00 
; ; ;  • . . . . 
, , , ! ;  : • " Z :. i 

t i l l  I , . . . . .  . , I  
. . . . . . .  ! | [  

I l l l '  ' . . .  , d  

• . 1 l i f t  

!Jl" 
• . . a i m  

I "  " "  

. : . . . . . .  , , , , ,  
+lº'" . . . . . .  " . , l l lh [!,o - 

• . : : : ..- :,.,.,.;~ 
I";; : 

( f )  

.~X T= O- 5 0 0 0 0  

. . . . . . . .  : • : 2 : ;  
" 1 1  I ! ' " 

'211 1 f , 

lll f '  . . . . .  " " 
. . ,  , . . . . . . .  ° 

• , M  
| .  - . . . . . .  , 

. . . .  , iM 
. . . . . .  ,rrr, 
. . . .  " ,  . . f | | l ,  
~ - -  - " : : • • r r r -  

FIG. 7. Graphical presentation of the magnitude of the Lorentz force for two cases of an external magnetic 
field in the X-direction only or in the Y-direction only : (a)-(c) are for the magnetic field in the X-direction ; 
(d)-(f) are for the magnetic field in the Y-direction• (a) OtlJJOY-W; (b) OWJOY; (c) - W ;  

(d) - O ~ / O X -  W; (e) -c3~ofi3X; (f) -- W. 
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a magnetic field in the Z-direction at : (a) Y = 0.05 ; (b) Y = 0.5 ; (c) X = 0.01 ; (d) Z = 0.008 ; (e) Z = 0.5. 

Figure 8 shows the velocity profiles in various cross 
sections. These are similar to other cases and only 
the system under the Z-directional magnetic field is 
shown herein at Ra  = 1 0  7 and Pr  = 0.054. 

Table 2 also includes the converged solutions for 
various Har tman numbers under an external magnetic 
field in the X-direction for Ra  = 106 and Pr = 0.054. 
The average Nusselt  number  is decreased extensively 
when the Har tman number is raised stepwise and an 
almost conductive state was attained at H a  = 500. 

The isotherms at Ra  = 106 and Pr = 0.054 are 
shown in Fig. 9. The isotherms at the cross section of  
Y = 0.5 represent the effect of  the magnetic field in 
the X-direction. The thermal boundary layer thickness 
spreads into the core regime as seen at the cross section 
at Z = 0.5. 

Figure 10 shows the contours of  the Y-component 
of  the vector potential. The ascending and descending 
flows in Fig. 10(c) are suppressed by the horizontal 
magnetic field in the X-direction and the vertical 
boundary layer apparently disappeared as seen in Fig. 
10(f) at the plane, Y = 0.5. The magnetic field sup- 
presses the convective flow which is perpendicular to 
its field. 

The contour  maps of  the X-component  o f  the vector 
potential are shown in Fig. 11. It has the maximum 
value of  1.63 when there is no magnetic field. On 
the other hand when H a  = 300, the maximum value 
increases to 3.69 in the cross section at X = 0.065. This 
suggests that the external magnetic field suppresses the 
major  circulation with an increase in the strength o f  
a secondary flow. This phenomenon may not  have 
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FIG. 9. Computed isotherms at Ra = 106 and Pr = 0.054: (a)-(c) are for Ha = 0 ; (d) (f) are for Ha = 300. 
(a) and (d) are at Y = 0.5 ; (b) and (e) are at Z = 0.5 ; (c) and (f) are at X = 0.5. 

been stated explicitly so far on the effect of  the mag- 
netic field in a three-dimensional  field. 

The effect of  the external  magnet ic  field in the X- 
direct ion can be seen more  clearly in Fig. 12. The  
velocity profiles in the cross section at  Y =  0.5 are 
shown for Ha = 0-500. The decrease in the magni tude  
of  the main  circulat ion is apparent .  The flow profile 
dramatical ly  changed.  The vertical bounda ry  layer 
disappeared while the hor izonta l  velocity componen t s  
near  the upper  and  lower boundar ies  are affected less. 

The velocity profiles in the cross section very near  
the heated walls are interest ing to note  as shown in 
Fig. 13. At  the upper  left- and  r igh t -hand  corners,  
the velocity vectors along the top plane appear  to be 
diverging at  these corners. The same velocity appears  
a long the lower corners  near  the cold wall because of  
the symmetry  of  the condi t ion.  This  flow mode  does 

not  exist a t  Ha = 0. This peculiar characterist ic  is 
apparent ly  due to the magnet ic  forces in a three- 
dimensional  domain.  Even this flow dies out  at  
Ha = 500 as seen in Fig. 13(e). 

These can be seen also in the perspective views of  
the velocity vectors as shown in Fig. 14 at  various 
H a r t m a n  numbers .  

3.3. Natural  convection under very strong magnetic 
yield 

At Ha = 500 with the magnet ic  field in the X-direc- 
tion, the Lorentz  force appears  to be s t rong enough  
to stop the convect ion essentially. The isotherms in 
Fig. 15 at  the cross section at  Y = 0.5 shows tilted 
isotherms in the core regime which suggest the domi-  
nance in the conduct ive  heat  transfer.  The isotherms 
are a lmost  at  an equal  distance as seen in three per- 
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FIG. 10. Contour maps of vector potential W e at Ra = 106 and Pr = 0.054 : (a) at Ha = 0 and Y = 0 ; 
(b) a t H a = 0 a n d  Y=0.33; (c)  a t H a = 0 a n d  Y=0.5 ;  (d) at H a = 3 0 0 a n d  Y = 0 ;  (e) at H a = 3 0 0  

and Y = 0.33 ; (f) at Ha = 300 and Y = 0.5. 

pendicular cross sections through the center of  the 
regime. 

In Fig. 16, the contour  maps of  the Y-component 
of  the vector potential are shown at various cross 
sections of  the constant Y plane under the magnetic 
fielo , -h~ Y-direction at Ha = 500 and Ra = 10  6. 

The flow fielcl consists of  the outer circulating regime 
and multiple closed convection cells in a core regime. 
The vertical flow is suppressed but the horizontal (par- 
allel to the X-magnetic field) velocity component  is 
not  suppressed and maintains a similar magnitude 
along the upper and lower boundaries. The ascending 
and descending flows are very weak and they fill the 
whole horizontal cross section in a core regime under 
this horizontal magnetic field in the X-direction. 

4. S U M M A R Y  O F  T H E  R E S U L T S  

The three-dimensional mathematical  model  for 
natural convection in a cubic enclosure hea ted  from 
one side wall and cooled from an opposing wall and 
under an external magnetic field was presented as well 
as the boundary conditions for all variables. The finite 
difference scheme was developed and the stable 
solutions were obtained for Ra = 106 and 107 and 
Ha = 0-500 at Pr = 0.054 (molten silicon). The 
ascending and descending boundary layer type flows 
along the heated and cooled walls were mostly sup- 
pressed by the horizontal external magnetic field (X- 
direction) perpendicular to the heated vertical wall. 
However,  the magnetic field (Y-direction) horizontal 



1948 H.  OZOE a n d  K.  OKADA 

(a)  

~T X: 0.02332 

"~: | l ]?:  "1:1811~ "~: |t]~,J . . . .  ~ ' "  
g . ~ 2 1 / [  

~r X: 0.02332 

t:X{,~ "~:~I|S8 "~:1~8 .............. 

(d) 

(b} 

• r X: 0.06472 =.T X: 0 . 0 6 4 7 2  

I. oo ,.~II,, "~:i31]~ "t:llt~J "0 ......... "'" 

(e) 

Z 

(c) 

~-T X= 0.36780 )T X: 0.36780 

~:|~I/ "8:181,'I "?:t~-o.,,o,, ..... ,, l : l l i i l  "1:1111! "l:lil,)l . . . . . . .  * ...... 

Cf) 

FIG. I 1. C o n t o u r  m a p s  o f  v e c t o r  p o t e n t i a l  S% a t  Ra = 106 a n d  Pr = 0 .054  : (a)  a t  Ha = 0 a n d  X = 0 .023 ; 
(b)  a t  Ha = 0 a n d  X = 0 .0647  ; (c) a t  Ha = 0 a n d  X = 0 .3678  ; (d)  a t  Ha = 300 a n d  X = 0 .023 ; (e) a t  

Ha = 300 a n d  X = 0 . 0 6 4 7 ;  (f)  a t  Ha = 300 a n d  X = 0 .3678.  



The effect of the direction of the external magnetic field on the three-dimensional natural convection 1949 

(a )  

(b )  

I,X T- O. 50000 

. . r o l l  / s "  ~ . . . . . . .  ~ V  

, f i l l  / ,, . 

, f i t  I , . 
. . . .  ' I I I1 

r [ / l l  , 
. . . . .  J l l lJ  

rfl l  . . . . .  
' ' 1 I l l '  

II~ . . . . .  , i ~ill. 

>X I"- O. 50000 

. . . . . . . . . . . .  - , L ,  

l i l t ,  * . . . . . . .  t | 1 .  

l i l l e  * * . . . . .  . i i | 

I l l l  I , ' . . . .  " • , I I I  

| | I I  i , . . . . . .  ° e I l l  

ne t  ~ . . . . . . . .  , , , ,  

I h ~  . . . . .  . . . . . . . . . .  

)X  I"I, O. 50000 

- . . . . .  , ~ , l  

. . . . . . . . . . . . . . .  H ,  

(c)  . . . . . . . . . . . . . . . . . .  

b . . . . . . .  

i . . . . . . . .  

" ;  " ;  T ; ; ; ; : :  

D-X ¥,, O. 50000 
::~.:. ~ ~ - ~ - ~ ~.~.:.i:?.:. 

)X Y- 0 . 5 0 0 0 0  
; : : : ; : : .  : : : : . . . :  

. . . . . . . .  • . . . . . . . . .  

; ; ; ; ; : :  

(d) 

I 

( e )  
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FIG. 14. Perspect ive view of  veloci ty  vectors  a t  Ra = 106 and  Pr = 0.054: (a) Ha = 0 ;  (b) Ha = 100; 
(c) Ha = 200;  (d) Ha = 300;  (e) Ha = 500. 
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but  parallel  to the vertical hea ted  wall was found  to 
be least effective in suppressing the circulat ion flow. 
The  external  magnet ic  field in the vertical direct ion 
was found  to be effective in between these two 
extremes. 

Fo r  the sample calculat ions at  Ra = 106, Ha = 300 
and  Pr = 0.054, the ma in  circulat ion was suppressed 
by the magnet ic  field (X-direction) bu t  the secondary 
flow became s t ronger  t han  those for no magnet ic  field. 
U n d e r  this condi t ion,  the peculiar  diverging flow was 
found  to exist a t  the upper  comers  of  the vertical 
heated  wall and  at the lower corners  of  the cooled 
vertical wall. 

REFERENCES 

1. K. Hoshi, N. Izawa and T. Suzuki, Growth of single 
crystal in a magnetic field--silicon, Appl. Phys. (in 
Japanese) 53, 38-41 (1984). 

2. R. Hunt and G. Wilks, Low Prandtl number magneto- 
hydrodynamic natural convection in a strong cross field, 
Numer. Heat Transfer 4, 303-316 (198l). 

3. M. Nagase, O. Takahashi, I. Michiyoshi and N. 
Takenaka, Heat transfer by natural convection of liquid 
metal in a magnetic field, Prepr. 22nd Nat. Heat Transfer 
Syrup., Japan (in Japanese) C304, 413-415 (1985). 

4. P. Tabeling, Convective flow patterns in rectangular 
boxes of finite extent under an external magnetic field, 
J. Physique 43, 1295-1303 (1982). 

5. A. Raptis and J. Vlahos, Unsteady hydromagnetic free 
convective flow through a porous medium, Lett. Heat 
Mass Transfer 9, 59-64 (1982). 

6. T. Maekawa and I. Tanasawa, The effects of gravi- 
tational and magnetic field on the Marangoni convection 
in a horizontal fluid layer, Prepr. 23rd Nat. Heat Transfer 
Syrup., Japan (in Japanese) C221, 391-393 (1986). 

7. T. Munakata and I. Tanasawa, Effect of external mag- 
netic field on natural convection during crystal growth 
process from melt, Prepr. 24th Nat, Heat Transfer Syrup,, 
Japan (in Japanese) B321, 281-283 (1987). 

8. N. O. Weiss, Convection in an imposed magnetic field, 
Part 1, The development of nonlinear convection, J. 
Fluid Mech. 108, 247-272 (1981). 

9. H. Ozoe and E. Maruo, Magnetic and gravitational 
natural convection of melted silicon--two-dimensional 
numerical computations for the rate of heat transfer, 
JSME Int. 30, 774-784 (1987). 

10. M. Michelcic, K. Wingerath and Chu. Pirron, Three- 
dimensional simulations of the Czochralski bulk flow, J. 
Crystal Growth 69, 473-488 (1984). 

11. T. Maekawa and I. Tanasawa, Convective instability of 
hydromagnetic liquid driven by Marangoni effect, Prepr. 
22nd Nat. Heat Transfer Syrup,, Japan (in Japanese) 
C303, 410~12 (1985). 

12. S. Kobayashi, Effect of an external magnetic field on 
solute distribution in Czochralski grown crystals--a 
theoretical analysis, J. Crystal Growth 75, 301-308 
(1986). 

13. H. Ozoe, A, Mouri, M. Hirami.tsu, S. W. Churchill and 
N. Lior, Numerical calculation of three-dimensional tur- 
bulent natural convection in a cubical enclosure using a 
two-equation model for turbulence, J. Heat Transfer 
108, 806-813 (1986). 

14. G.J.  Hirasaki and J. D. Hellums, A general formulation 
of the boundary conditions on the vector potential in 
three-dimensional hydrodynamics, Q. Appl. Math. 26, 
331-342 (1968). 

EFFET DE LA DIRECTION D'UN CHAMP MAGNETIQUE EXTERNE SUR LA 
CONVECTION NATURELLE TRIDIMENSIONNELLE DANS UNE ENCEINTE CUBIQUE 

R6sum6----Les 6quations tridimensionneUes de conservation pour la convection naturelle dans une enceinte 
cubique chauff6e sur un c6t6 et refroidie sur la paroi oppos6e sont r6solues num6riquement pour trois 
champs magn6tiques externes diff6rents agissant dans chacune des directions X, You Z. Des exemples de 
calcul sont conduits pour Ra = 106 et 107, Ha = 0-500, Pr = 0,054. Le champ magn6tique perpendiculaire 
~i l'6coulement vertical du type couche limite est le plus efficace pour supprimer la convection. Le champ 
parall6le aux parois verticales chaude et froide est le moins efficace, bien qu'il soit perpendiculaire fi la 
circulation principale du fluide le long des fronti6res verticale ou horizontale. Quand le champ est augment6, 
par exemple, ~t Ra = 106 et Ha = 300, l'6coulement secondaire est deux fois plus important avec une 

r6duction de l'6coulement principal de circulation. 

DER EINFLUSS DER RICHTUNG EINES ~USSEREN MAGNETFELDES AUF DIE 
DREIDIMENSIONALE NATORLICHE KONVEKTION IN EINEM WI~IRFELFORMIGEN 

HOHLRAUM 

Zusammenfasstmg--Die dreidimensionalen Gleichungen fiir natiirliche Konvektion in einem Wiirfel, bei 
dem eine Seitenwand gekiihlt und die gegen/iberliegende heheizt wird, werden numeriseh gel6st. In die 
L6sung wird ein auBen angelegtes Magnetfeld einbezogen, dessen Richtungsvektor in X-, Y- oder Z- 
Richtung verl/iuft. Die Berechnungen werden fiir Ra = 106 und 107 durchgefiihrt rnit Pr = 0,054 und 
Ha = 0 bis 500. Wenn der Richtungsvektor des auBen angelegten Magnetfeldes senkrecht zur vertikalen 
Grenzschichtstr6mung verlfiuft, ist die Konvektionsunterdriickung am besten. Wenn das Magnetfeld 
allerdings parallel zur senkrechten Heiz- bzw. Kiihlwand verl~iuft, ist die Konvektionsunterdriickung am 
geringsten, obwohl das Feld dann senkrecht zur Hauptstr6mungsrichtung an den senkrechten und 
waagerechten W~inden verl/iuft. Wenn das Magnetfeld stark ist z. B. bei Ra = 106 und Ha = 300, wird 

die Sekund/irstr6mung doppelt so stark und die Hauptstr6mung verlangsamt. 
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B.TII'LqHHE HArlPABJIEHH~I BHEIIIHEFO M A F H H T H O F O  rlO./I~l HA TPEXMEPHYlO 
ECTECTBEHHYIO KOHBEKI_[HIO B KYBHIIECKOI~I FIOJIOCTH 

Ag~OTmmm---LIHcHeHHO p~HIaIOTCg TpcxMepHHe ~ypaBHeHH~, onHcMBaIOK~/e ~TCCTBCHHylO KOHBCI~- 
HHIO B Ky~HqOCKOi~ IIOYlOCTH, O~/~Ha H3 ~OKOBb/XfCTeHOI~ KOTOpOi~JHaI~BaffrCg, a npoTHBOnO~oxHal 
OXJla~eTCg, B Tpc~pa3YlgqHi~X~ BHell/HH~,'MaFIIHTHldX~TIOYlgX, HaIIpaBYleHHI~ B~OHb O~HO~ H30CC~" 
X,Y tL~X Z. BsanO.~Hema ~Hpo6HMC pacqcTH a.rlX Ra = 106 H 107, a Tar~c anH Ha = 0--500 npH 
Pr = 0,054. Haf~eHo, qTo ~HemHec MartmTHOC no~e, HanpaB~eHHoefnepneK~LEy~pHJTeqetmJo B sep- 
THKaJIbHOM~IIorpsHH~IHOM CJIOe, HaH6OJICe (CHJIbHO rlo~aBJlge~ KOHI~K/DllO. O ~ a g o  BHemHee MaFHHTHOC 
no~e, napaY~cJ~HOe BCpTHl~aJI]bHblM~arpeTOfi H XOJIO~HO~ CTeHICaM,JMHHHMaJUbHO noaaB~eT ee, XOTS 
H HanpaB~eHo/nepnell~nfy~iptlo OCHOBHOMy TeqeHmo,/l~pxyatlpy]ou/eMy n~/oJ~, eepTl~a~IbSOfi H 
ropH3otrra~sHoii r p a m m . / r l p H  OTHOCHTeJIbHOMfyCllHeHHH MaFHHTHOrO IIOJDI, ~HaIIpHMCp, Korea 
Ra = 10 ~ H Ha = 300, Hal~eHO, tlTO/HltTeHCHBHOCTbfBTOpHqHOrofreqeHHg~O3pacTaCT B~Boe C yMe~me- 

HHeM HHTCHCHBHOL'YrH OCHOBHOFO TeqeHHg. 


